Abstract. We introduce a procedure for gluing Weinstein domains along Weinstein subdomains. By gluing along flexible subdomains, we show that any finite collection of highdimensional Weinstein domains with the same topology are Weinstein subdomains of a 'maximal' Weinstein domain also with the same topology. As an application, we produce exotic cotangent bundles containing many closed regular Lagrangians that are formally Lagrangian isotopic but not Hamiltonian isotopic and also give a new construction of exotic Weinstein structures on Euclidean space. We describe a similar construction in the contact setting which we use to produce 'maximal' contact structures and extend several existing results in low-dimensional contact geometry to high-dimensions. We prove that all contact manifolds have symplectic caps, introduce a general procedure for producing contact manifolds with many Weinstein fillings, and give a new proof of the existence of codimension two contact embeddings.
1. Introduction
The category of Weinstein domains.
One of the main problems in symplectic topology is to classify all symplectic structures on a given smooth manifold. In this paper, we will focus on Weinstein domains, which are exact symplectic manifolds equipped with a Morse function compatible with the symplectic structure. These domains encompass a large class of exact symplectic manifolds, like cotangent bundles and affine varieties. There has been significant progress on classifying Weinstein domains in dimension 4. For example, there is a unique Weinstein structure on B 4 and T * S 2 while there is no Weinstein structure on S 2 ×D 2 [16] , although it has the necessary smooth topology. On the other hand, there is no such classification result for any high-dimensional domain. Furthermore, any high-dimensional smooth domain with the appropriate topology has infinitely many different Weinstein structures, distinguished by the Floer-theoretic invariant symplectic cohomology [50, 16] . To further complicate matters, there are Weinstein domains with vanishing symplectic cohomology over certain finite fields but not over the integers [2] or with vanishing symplectic cohomology over the integers but non-vanishing twisted symplectic cohomology [53] .
Fortunately, there is a natural relationship on the set of Weinstein domains which sheds some light on the classification problem. This relationship is given by Weinstein cobordisms, which are exact symplectic cobordisms that have Morse functions compatible with the symplectic structure. A Weinstein cobordism W has a splitting of its boundary ∂W into positive and negative components ∂ + W, ∂ − W on which the Morse function is increasing, decreasing respectively in an outward direction; see Section 2. These boundaries have natural contact structures and if W 1 , W 2 are two Weinstein cobordisms such that ∂ + W 1 , ∂ − W 2 agree, then we can glue W 1 , W 2 along this contact manifold to get a Weinstein cobordism W 1 • W 2 . We call this gluing operation concatenation. Note that concatenation does not actually require W i to be Weinstein and also works if W i are Liouville cobordisms, i.e. exact symplectic topology reduces to the underlying algebraic topology. In previous work, the author [45] proved that W f lex is a minimal element in Weinstein(W, J). Namely, for any Weinstein structure W 2n , n ≥ 3, there is a smoothly trivial Weinstein cobordism C 2n from W 2n f lex to W 2n ; see Theorem 3.1 below. However unlike in the category of rings which has a unique terminal object, it is not known whether the flexible structure is the only minimal object in Weinstein(W, J) or whether there can exist non-flexible minimal elements, e.g. subflexible exotic Weinstein balls. On a related note, the category of unital rings is not symmetric: any non-zero ring has a unital ring map to the zero ring but not conversely. Similarly, the Weinstein category is not symmetric: the existence of a Weinstein cobordism from W 0 to W 1 does not imply the existence of a Weinstein cobordism from W 1 to W 0 . So directionality is quite important in the Weinstein setting, unlike in the smooth case.
Another basic property of the category of rings is the existence of pullbacks. Hence it is natural to ask if the Weinstein category has pushouts, which are dual to pullbacks. Although we do not know if pushouts exist in this category, we will show that there are objects that satisfy a certain extension property similar to that of a pushout. Geometrically, this extension corresponds to a certain gluing of Weinstein domains along subdomains, or Weinstein cobordisms along contact manifolds. As we explained, two Liouville cobordisms W 1 , W 2 with ∂ + W 1 = ∂ − W 2 can be concatenated to produce W 1 • W 2 , which corresponds to composition of morphisms. Weinstein cobordisms have an additional property which will be crucial in this paper: they can be glued if their negative boundaries ∂ − W 1 , ∂ − W 2 agree, without the condition ∂ + W 1 = ∂ − W 2 on the positive boundary of W 1 . We will call this operation stacking to distinguish it from concatenation. i . See Theorem 2.1 for a more precise version. We can take (Y, ξ) to be the positive end of some Weinstein One important aspect of the stacking construction in Theorem 1.1 is that it uses Weinsteinness in a crucial way, unlike the concatenation construction for Liouville cobordisms. Hence we do not know whether the extension property above holds for the category of almost symplectomorphic Liouville domains, with morphisms given by smoothly trivial Liouville cobordisms; see Question 2.5. Understanding the difference between Liouville and Weinstein domains is a major open problem in symplectic topology. Now we discuss some applications of the stacking construction to maximal Weinstein structures. As we explained above, the flexible structure W f lex is a minimal element in Weinstein(W, J). Given the flexibility of minimal elements, one would expect a maximal element of Weinstein(W, J) to display rigidity and have rich J-holomorphic curve invariants; it would also seem that such an element could not be produced via an h-principle. Although we do not know whether there is a maximal Weinstein domain that contains all other almost symplectomorphic domains as subdomains, we can use the stacking construction to show that any finite collection of Weinstein domains does have a maximal element. Even though such maximal elements do have interesting J-holomorphic curve invariants, their construction relies crucially on flexibility methods, in particular the existence of minimal elements and the h-principle for flexible Weinstein structures. We first explain how to construct Weinstein domains with many Lagrangians that have different smooth topology. For simplicity, we assume that the ambient Weinstein domain is almost symplectomorphic to T * S n although there are similar results for more general domains. Any closed formal Lagrangian L in T * S n , with possibly some exotic Weinstein structure, must have trivial complexified cotangent bundle T * L n ⊗ C. If the Lagrangian is regular, i.e. has Weinstein complement, then [L] ∈ H n (T * S n ) ∼ = Z is ±1; for n even this implies that χ(L) = 2. In previous work, Eliashberg, Ganatra, and the author [26] proved the converse: for any closed smooth manifold L n , n ≥ 3 and even, such that L n is orientable, T * L ⊗ C is trivial, and χ(L) = 2, there exists an exotic Weinstein structure T * S n L almost symplectomorphic to T * S n that contains L as a regular Lagrangian. We extend their result to the case of multiple Lagrangians.
In particular, there exist exotic cotangent bundles that contain arbitrarily many nonhomotopy-equivalent closed exact Lagrangians. However it is not known whether there See Corollary 5.7. As we will explain in the proof, these k closed Lagrangians are distinguished by a 'test' Lagrangian disk in W 2n that has different wrapped Floer cohomology with each of them. From the categorical point of view, we expect that the regular Lagrangian embeddings of M n into W 2n give rise to many different morphisms from T * M n std to W 2n in Weinstein(T * S n ); however actually proving this seems to require the stronger statement that the k Lagrangians are not related by a symplectomorphism of W 2n . On the other hand, by results [35] on the nearby Lagrangian conjecture, there cannot be any morphisms from W 2n to T * M std , another example of asymmetry in Weinstein. Corollary 1.7 can be combined with Corollary 1.6 to produce exotic cotangent bundles with a whole zoo of closed regular Lagrangians, including those that have different topology or have the same topology but are not Hamiltonian isotopic. So the construction of exotic Weinstein domains with many different Lagrangians is also quite flexible.
1.2. The category of contact structures. The boundaries of a Weinstein cobordism have natural contact structures and hence there are contact analogs of the categories Weinstein and Weinstein(W, J). Let Contact be the category whose objects are contact structures and morphisms are Weinstein cobordisms; see [57] for a similar category whose morphisms are Liouville cobordisms. For an almost contact structure (Y, J), let Contact(Y, J) be the subcategory of Contact whose objects are contact structures almost contactomorphic to (Y, J) and morphisms are smoothly trivial Weinstein cobordisms. As we will explain, many classical results and problems in contact topology concern the categories Contact and Contact(Y, J).
We first note that the contact and Weinstein categories have some similarities. Like Weinstein, the category Contact satisfies a similar extension property as in Diagrams 1.1, 1.2 given by the stacking construction; in fact, this is precisely the statement of Theorem 1.1. Furthermore the category Contact has also a functor to the category of unital rings given by a certain J-holomorphic curve invariant called contact homology [27, 57] . There is a functor from Weinstein(W, J) to Contact(∂W, J) obtained by restricting a Weinstein domain to its contact boundary; this functor is faithful but is not full nor essentially surjective. Furthermore, the symplectic cohomology and contact homology functors do not commute with this restriction functor.
Analogous to the flexible structure W f lex in Weinstein(W, J), there exists a special overtwisted structure in Contact(Y, J) constructed by Borman, Eliashberg, and Murphy [9] . This structure also satisfies an h-principle and has vanishing contact homology [10] . Casals, Murphy, and Presas [14] showed that for n ≥ 3, the overtwisted structure (Y 2n−1 , ξ ot ) is a minimal element in Contact(Y 2n−1 , J); for n = 2, Contact(Y 3 , J) might not have minimal elements but Etnyre and Honda [33] showed that any overtwisted contact 3-manifold (Y 3 , ξ ot ) is minimal in Contact. Our main result for contact manifolds is the existence of maximal contact structures, analogous to the existence of maximal Weinstein structures in Theorem 1.2. Again, the proof relies on flexibility results like the h-principle for overtwisted contact structures [9] .
i can be taken to be smoothly trivial.
See Theorem 4.1 and Corollary 4.6 for the proof. Theorem 1.8 is a geometric version of a result of Bowden, Crowley, and Stipsicz [12] for maximal almost contact structures: there is an almost contact manifold (M max , J max ) such that for any almost contact manifold (Y, J) (with possibly different topology), there is an almost Weinstein cobordism (W 2n , J) with ∂ − (W, J) = (Y, J) and ∂ + (W, J) = (M max , J max ). The first claim in Theorem 1.8 for arbitrary contact manifolds can be reduced to the second claim in Theorem 1.8 for almost contactomorphic structures by this result of Bowden, Crowley, and Stipsicz [12] . We also prove a similar result in dimension 3, although the Weinstein cobordisms C i are no longer smoothly trivial; see Theorem 4.2. As in the Weinstein setting, we do not know an explicit description of the maximal construction in terms of contact surgery presentations. For example, this maximal construction is quite different from the usual contact connected sum operation, even when (
The maximal construction Theorem 1.8 provides a uniform approach to several problems in contact topology. Our first application is a structure result for contact manifolds. Given a framed isotropic sphere in a contact manifold, there is a procedure called contact surgery that produces a new contact manifold and for a Legendrian sphere Λ, there is a similar antisurgery procedure; see Section 2 for details. Contact surgery and anti-surgery presentations, along with open book decompositions, are the main explicit models for contact manifolds and are quite useful for calculations. Ding and Geiges [19] showed that all contact 3-manifolds can be obtained via contact surgery and anti-surgery on (S 3 , ξ std ). We generalize their result to high-dimensions. See Corollary 4.5. If (Y 2n−1 , ξ) is obtained from (S 2n−1 , ξ std ) by contact surgery or antisurgery (of index n), then it has a smooth filling that admits a Morse function with critical points of index at most n. This is the same as having an almost Weinstein filling, except for the existence of an almost complex structure. Hence the condition that (Y 2n−1 , ξ) has an almost Weinstein filling cannot be significantly weakened. So our result is essentially sharp if one allows only contact surgery or anti-surgery of index n. If coisotropic contact surgeries of all indices are allowed, Conway and Etnyre [17] have informed us that all contact manifolds are attainable by surgery. Example 1.10. For any contact structure (S 2n−1 , ξ) in (S 2n−1 , J std ), there exist Legendrians Λ 1 , Λ 2 ⊂ (S 2n−1 , ξ std ) such that (S 2n−1 , ξ) is obtained from (S 2n−1 , ξ std ) by contact surgery on Λ 1 and contact anti-surgery on Λ 2 .
One of the main problems in contact topology is to classify all convex symplectic fillings of a given contact manifold (Y, ξ). These are symplectic domains whose symplectic form expands outward near the boundary and induces the contact structure (Y, ξ). Weinstein domains are a special case and the set of Weinstein fillings of (Y, ξ) correspond to morphisms in Contact from the empty contact structure to (Y, ξ). There has been much progress in understanding fillings in dimension 3; for example, S 3 and T 3 with their standard contact structures have unique Weinstein fillings [16, 65] . In high-dimensions, certain special contact manifolds also have very restricted fillings (at least restricted topologically). For example, Eliashberg, Floer, and McDuff [49] showed that all exact fillings of the standard contact sphere (S 2n−1 , ξ std ) are diffeomorphic to the ball; also see [7, 43] for generalizations to subcritically and flexibly-filled contact manifolds. On the other hand, certain contact manifolds have no fillings. Since there is no unital ring map from the zero ring to a non-zero ring, a contact manifold with vanishing contact homology cannot have a Weinstein (or exact) filling. Hence overtwisted structures have no fillings.
There is also a long history of constructing contact manifolds with multiple fillings, especially in dimension 3. Ozbagci and Stipcisz [55] discovered the first example of a contact 3-manifold with infinitely many non-homotopy-equivalent Weinstein fillings. Controlling the topology of the fillings is quite subtle in this dimension but there are now examples of contact 3-manifolds with infinitely many homeomorphic but not diffeomorphic fillings [5] , fillings with arbitrary fundamental group [6] , "large" fillings with unbounded Euler characteristic and signature [8] , and "small" fillings with b 2 = 2 [4] . The first example of a high-dimensional contact manifold with infinitely many non-homotopy equivalent Weinstein fillings is due to Oba [54] . Many of these constructions use open book decompositions of contact manifolds and construct fillings by finding different factorizations of the open book monodromies into positive Dehn twists. Such an approach is feasible in dimension 3 since the symplectic mapping class group agrees with the ordinary mapping class group for 2-dimensional surfaces and is generated by Dehn twists. The symplectic mapping class group of high-dimensional domains is much less understood; in general, it does not agree with the smooth mapping class group and is not generated by Dehn twists.
We can use the maximal construction in Theorem 1.8 to give an alternative construction of contact manifolds with many fillings that does not depend on understanding the high-dimensional symplectic mapping class group. Our construction converts Weinstein domains with almost contactomorphic boundaries into domains with genuinely contactomorphic boundaries. 
0 ) where B 2n 0 is a certain Brieskorn manifold [60] if n is odd and B 2n 0 is one of the manifolds from [18, 37] if n is even.
Bowden, Crowley, and Stipsicz [11] gave a topological criterion for an almost contact manifold to admit an almost Weinstein filling. Combining their result with Corollary 1.11, we get a topological criterion for an almost contact class to admit contact structures with arbitrarily many Weinstein fillings. Furthermore, we have complete control over the smooth topology of the fillings and although we cannot control their symplectic topology, we can require our fillings to have prescribed subdomains since W i is a subdomain of X i . Another notable feature of our construction is that it uses flexible methods like the h-principle for overtwisted contact structures [9] in contrast to the more algebraic approach of factorizing symplectomorphisms into Dehn twists [55, 8, 54] . It would be interesting to relate these two approaches and determine whether our fillings define new relations in the symplectic mapping class group. In Section 4.2, we discuss some possible implications for the symplectic mapping class group from our maximal construction.
There is also an analog of Corollary 1.11 in dimension 3 but it is necessarily weaker. This result follows from Theorem 4.2, the 3-dimensional analog of Theorem 1.8. k are built precisely to have such fillings. Now we discuss some applications of the maximal construction to convex symplectic fillings, also called symplectic caps. For caps, the symplectic form expands inward near the boundary and so the symplectic structure cannot be exact by Stoke's theorem. There is no topological obstruction to the existence of a symplectic cap and any almost contact manifold has an almost symplectic cap [11] ; for the same reason, there is no topological obstruction to a convex symplectic filling although we know that these do not always exist. Lisca and Matić [47] showed that any contact manifold with a Weinstein filling has a cap. Using this result along with the fact that the mapping class group of surfaces is generated by Dehn twists, Etnyre and Honda [33] showed that all contact 3-manifolds have symplectic caps; Eliashberg [24] gave a different proof of this result. The existence of these caps was a crucial ingredient in the proof of Property P for knots [42] . Later Eliashberg and Murphy [30] showed that overtwisted contact manifolds in any dimension admit symplectic caps. Hence concave fillings seem more flexible than their convex siblings and there are many contact manifolds that have no convex fillings but do have concave fillings. However once certain topological conditions are imposed on the cap, they become quite rigid and, in fact, a useful tool for classifying convex fillings [46, 49, 31] . Therefore symplectic caps seemed to be on the boundary of symplectic rigidity and flexibility and it was unclear how restrictive caps are. Wendl [66] asked whether all contact structures admit symplectic caps. In the following result, we will show that this is indeed the case. Proof. By applying Theorem 1.8 to (Y 2n−1 , ξ) and any Weinstein-fillable contact manifold ∂W 2n , we see that there is a Weinstein cobordism C 2n 0 from (Y 2n−1 , ξ) to a different Weinstein-fillable contact structure ∂V 2n ; see Corollary 4.9 for details. Lisca and Matić [47] proved that ∂V 2n has a symplectic cap C 2n . Then C 2n 0 •C 2n is a symplectic cap of (Y 2n−1 , ξ) as desired.
While completing this paper, we learned that Conway and Etnyre [17] have proven a similar result. Combining Corollary 1.15 with the existing proof of the n = 2 case [33, 24] , we see that all contact manifolds, in any dimension, have symplectic caps. Corollary 1.15 does not seem to provide any control over the topology of the symplectic cap of a given contact manifold. This is because the crucial result [47] also does not provide any control. It is possible that symplectic caps with wildly different topology are needed to cap off almost contactomorphic contact structures. In fact, by gluing Weinstein cobordisms on top of
2 ) with arbitrarily large middle-dimensional homology with positive intersection form and capping them off, we can produce infinitely many symplectic caps of the same contact manifold with different topology. Hence symplectic caps of contact manifolds are not unique. We do not know how to determine the smallest symplectic cap of a given contact manifold, a question which seems related to the open problem of existence of symplectic structures on closed manifolds.
Corollary 4.7 shows that for any finite collection of contact manifolds, possibly with different topology, there is a maximal element with respect to Weinstein cobordism. We do not know whether there is a contact structure that is maximal for all contact manifolds. A weaker notion than Weinstein cobordism is that of a strong symplectic cobordism, which is exact near the boundary but perhaps not in the interior. Wendl [67] showed that symplectic caps are quite useful for constructing strong symplectic cobordisms between contact manifolds; for example, he showed that in dimension 3, there is a contact structure that is maximal for all contact manifolds with respect to strong cobordisms. Combining Wendl's argument with the existence of caps in Corollary 1.15, we can prove that there exists such a maximal contact structure in high-dimension dimensions. Remark 1.17. The smooth and symplectic topology of W 2n of course depend on (Y, ξ). The key point is that the contact structure on ∂ + W 2n is independent of (Y, ξ).
Proof. Following Wendl's argument [67] , let W 2n be a Liouville domain such that ∂W is disconnected with two components (Y 1 , ξ 1 ), (Y 2 , ξ 2 ); such domains exist in all dimensions by [48] . There is a Weinstein cobordism
The proof above shows that the maximal contact structure is in fact quite explicit: it can be taken to be any component of any Liouville domain with disconnected boundary. However this maximal contact structure is not unique. Any other contact structure obtained from this structure via contact surgery is also maximal.
Our final application of the maximal construction Theorem 1.8 is to isocontact embeddings. Gromov [40] proved an h-principle for isocontact embeddings of codimension at least 4: if (Y 2m+1 , ξ) admits an almost contact embedding into (Z 2n+1 , ξ) and m ≤ n − 2, then there is a genuine contact embedding of (Y 2m+1 , ξ) into (Z 2n+1 , ξ). Recently, Pancholi and Pandit [56] used open book decompositions and overtwisted contact structures to prove an h-principle type result in the codimension two case; also see [32, 34] for embeddings of contact 3-manifolds into contact 5-manifolds via braided and spun embeddings. We will give an alternative proof of the result of Pancholi and Pandit using a variation of our maximal construction and Murphy's existence h-principle for loose Legendrians [52] .
, has a contact embedding into (Z 2n+1 , ξ) with trivial normal bundle and
See Theorem 4.12. We do not know whether Theorem 1.18 holds under the weaker assumption that (Y 2n−1 , ξ 1 ) just has an almost contact embedding into (Z 2n+1 , ξ), without the existence of a contact embedding of (Y 2n−1 , ξ 0 ). If (Z 2n+1 , ξ ot ) is overtwisted, then our result does hold under this weaker assumption, as proven by Borman, Eliashberg, and Murphy [9] . We also note that Casals, Murphy, and Presas [14] have shown that a sufficiently large neighborhood of an overtwisted contact submanifold is also overtwisted. On the other hand, Theorem 1.18 shows that there are many codimension two embeddings of overtwisted contact manifolds into tight contact manifolds. Therefore the neighborhoods of the overtwisted submanifolds in the ambient contact manifold must be quite small; indeed, a sufficiently small neighorhood of any codimension two contact submanifold is tight [41] , even if the contact submanifold is abstractly overtwisted. Now we give an outline of the rest of the paper. In Section 2, we provide some background material on symplectic cobordisms and introduce the stacking construction. In Section 3, we apply this construction to Weinstein domains and prove the results stated in Section 1.1. In Section 4, we construct maximal contact structures and prove the results from Section 1.2. In Section 5, we consider some applications to Lagrangians.
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Background
In this section, we present some background material on symplectic cobordisms and discuss several gluing constructions.
Liouville and Weinstein cobordisms.
Before defining Weinstein domains and cobordisms, we first review a more general type of symplectic cobordism. A Liouville cobordism (W, λ) is a smooth cobordism W with boundary ∂W = ∂ − W ∂ + W that is equipped with a 1-form λ such that dλ is a symplectic form; in addition, the Liouville vector field X defined by i X dλ = λ must be inward, outward transverse to the boundaries ∂ − W, ∂ + W respectively. In this case, (
The natural notion of equivalence of Liouville cobordisms or domains is a Liouville homotopy, a deformation through Liouville structures. As shown in [16] , two homotopic Liouville domain W 1 , W 2 have exact symplectomorphic completions W 1 , W 2 , which are the open symplectic manifolds obtained by gluing the domains to the symplectizations of their contact boundaries. Homotopic domains also have contactomorphic boundaries. These results demonstrates the importance of Liouville domains and homotopies since Moser's trick does not generally hold for open manifolds; for example, any two symplectic structures on R 2n are isotopic by Gromov's h-principle [40] , i.e. can be connected through symplectic structures, but not all are symplectomorphic [50] .
A Weinstein cobordism (W 2n , λ, ϕ) is a Liouville cobordism that admits a Morse function ϕ : W → R compatible with the Liouville structure. More precisely, ϕ is constant on ∂ ± W and the Liouville vector field X is gradient-like for ϕ. This implies that the stable manifolds of X are isotropic with respect to the symplectic form dλ [16] and hence the critical points of ϕ have index at most n. Therefore admitting a Weinstein structure severely restricts the topology of W 2n . McDuff [49] constructed Liouville domains which do not satisfy these topological conditions and therefore are not Weinstein. However there are no known examples of Liouville domains that satisfy these topological conditions but are not Weinstein.
Associated to the Weinstein Morse function ϕ : W 2n → R is a natural collection of contact submanifolds and Weinstein domains inside W . Namely, the regular level sets ϕ −1 (c) have natural contact structures with contact form λ| ϕ −1 (c) and the sublevel sets ϕ −1 (≤ c) are Weinstein subdomains of W . These subdomains change in a precise way when we pass through a critical value of ϕ. Suppose that p is a critical point of ϕ of index k with critical value ϕ(p) = c. Let W − = ϕ −1 (≤ c − ε), W + = ϕ −1 (≤ +ε) be Weinstein subdomains below, above the critical value respectively and let (Y − , ξ − ) = ∂W − , (Y + , ξ + ) = ∂W + be nearby regular level sets with their induced contact structures. The X-stable manifold of p is an isotropic k−disk and intersects Y − is an isotropic (k − 1)−sphere Λ p (isotropic with respect to the contact structure). Then W + is obtained from W − by attaching a Weinstein handle 
We also note that Weinstein handle attachment changes the contact boundary (
is called contact surgery and it makes sense for any contact manifolds, not just the boundaries of Weinstein domains. We will use the notation (Y 2n−1 , ξ)∪H k Λ to denote the contact surgery of (Y, ξ) along Λ ⊂ (Y, ξ). Contact n-surgery has an inverse operation called contact anti-surgery. Given a Legendrian sphere
The natural notion of equivalence between Weinstein structures (W, λ 0 , ϕ 0 ), (W, λ 1 , ϕ 1 ) on a fixed manifold W is a Weinstein homotopy. This is an interpolating 1-parameter family of structures (W, λ t , ϕ t ), t ∈ [0, 1], that are Weinstein except at isolated t at which ϕ t has a birth-death singularity, and are Liouville for all t. From the handlebody point of view, Weinstein homotopies correspond to a sequence of three moves: isotopies of the attaching spheres through isotropics, changing the order of attachment of handles that are not connected by gradient trajectories, and handle-slides. In this paper, we will be mainly concerned with two special types of Weinstein cobordisms. A Weinstein cobordism W 2n is subcritical if it admits a Weinstein Morse function ϕ whose critical points have index strictly less than n. A Weinstein cobordism W 2n is flexible if its index n critical points are attached along loose Legendrian spheres; see [52, 16] for details. In particular, any subcritical cobordism is flexible. Loose Legendrians have dimension at least 2 and hence flexible domains are defined only for n ≥ 3. These two types of cobordisms satisfy existence and uniqueness h-principles [16] . We say that a smooth cobordism W 2n is almost Weinstein if it admits an almost complex structure and a Morse function ϕ that is constant on ∂W = ∂ − W ∂ + W and has critical points of index at most n. The existence h-principle [22] states that any almost Weinstein domain W 2n , n ≥ 3, admits a flexible Weinstein structure. The uniqueness h-principle [16] The concatenation construction requires consecutive positive and negative contact boundaries of Liouville cobordisms to agree. In this paper, we introduce a different gluing construction of Weinstein cobordisms called stacking that only requires the negative ends of Weinstein cobordisms to agree. The following result implies Theorem 1.1 from the Introduction, which we phrased as a certain extension property in Weinstein(W, J). 
be the skeleton of Liouville vector field X i of the Weinstein structure (W 2n i , λ i , ϕ i ), i.e. the set of points of W 2n that does not reach to ∂ + W 2n under the X i -flow.
As shown in [16] , this singular space is compact and stratified by isotropic disks, namely the cores of the Weinstein handles of
is similarly stratified by isotropic submanifolds, which have dimension at most n − 1; this is the image of the attaching spheres of the Weinstein handles of W 2n i in (Y 2n−1 , ξ). We note that S i and Λ i may each have many components.
We now show that there are ambient contactomorphisms ϕ i of (Y 2n−1 , ξ) contact isotopic to the identity such that ϕ i (Λ i ) are all disjoint. First we suppose that Λ 1 is a connected smooth Legendrian. Then a small neighborhood of Λ 1 is contactomorphic to J 1 (Λ 1 ) and nearby Legendrians are given by graphs of 1-jets of functions. Thom's jet transversality theorem shows that for any stratified submanifold Σ of J 1 (Λ 1 ) (not necessarily isotropic) whose top-dimensional smooth strata have dimension k < n, there exists a C 0 -small function f : Λ 1 → R whose 1-jet Γ(f ) in J 1 (Λ 1 ) is disjoint from Σ; see Theorem 2.3.2 of [29] . Since Λ 2 , · · · , Λ k are stratified by isotropics, which have dimension less than n, we can apply Thom's theorem to Σ = (Λ 2 ∪ · · · ∪ Λ k ) ∩ J 1 (Λ 1 ) and conclude that there exists a function
, there exists an ambient contactomorphism ϕ 1 contact isotopic to the identity such that
is not smooth (or disconnected), then we construct ϕ 1 by induction on the strata and components of Λ 1 (for example, by using thickenings of the subcritical strata to make them Legendrian). Finally, we construct ϕ 2 , · · · , ϕ k by induction. Now we attach Weinstein handles along all the Λ :
. This is possible the ϕ i (Λ i ) are disjoint and handle attachment changes the contact manifold only in a small neighborhood of the attaching sphere; therefore, the rest of isotropic spheres persist to the new contact manifold when we attach a handle. If we can first attach along ϕ i (Λ i ), the resulting cobordism is Weinstein homotopic to W i since ϕ i (Λ i ) is contact isotopic to Λ i , the attaching spheres of W i . Then we view j =i ϕ j (Λ j ) as an isotropic subspace of ∂ + W i and let C i be the Weinstein cobordism with ∂ − C i = ∂ + W i obtained by attaching along j =i ϕ j (Λ j ). Since the order of handle attachment amongst the different ϕ i (Λ i ) does not matter, all the W i • C i are Weinstein homotopic and we call this common Weinstein cobordism W . Note that the W i 's cover W since W is just the union of all the W i 's, glued along their common subspace (Y, ξ) = ∂ − W i ; in particular, W is homotopy-equivalent, in the sense of topological spaces, to
Finally, suppose that W 2n i are all smoothly trivial and n ≥ 3. For simplicity, we will assume that
for a single Legendrian Λ i that can be smoothly isotoped to intersect the belt sphere of H n−1 i once; this can always be assumed to be the case [45] . Then
. By looking at the trace of this smooth isotopy, we see that there are Whitney disks that cancel out all intersection points of Λ i with this belt sphere (except for one). Since n ≥ 3, these Whitney disks are generically disjoint from any other Legendrian sphere Λ j . Hence we can use these disjoint Whitney disks to smoothly isotope the link
exactly once. Therefore W 2n and C 2n i are also smoothly trivial.
We will use the following notation to denote a Weinstein cobordism constructed as in Theorem 2.1:
We include the common contact manifold (Y, ξ) in the notation to highlight that the gluing is done along (Y, ξ). As seen in the proof of Theorem 2.1, the construction of Stack (Y,ξ) (W 1 , · · · , W k ) depends on choices and hence this cobordism is not well-defined in terms of just W 1 , · · · , W k ; see the discussion below. So the notation Stack (Y,ξ) (W 1 , · · · , W k ) just refers to a general cobordism constructed as in Theorem 2.1.
We will also consider a slight generalization of
denote the Weinstein cobordism obtained by gluing along the common subcobordism W 0 ; more precisely,
We also note that this gluing can be done along more general objects like Weinstein sectors or Liouville cobordisms; it is important that the complements W \W 0 are Weinstein cobordisms but the objects we glue along can be Liouville.
Theorem 2.1 shows that the Weinstein cobordisms W i • C i are Weinstein homotopic for different i. These Weinstein homotopies are quite special because they have constant Liouville vector field. More precisely, we fix some constants a < b < c. Then there is a fixed Liouville vector field X on W and k Morse functions ϕ i : W 2n → R such that X is gradient-like for all ϕ i and ϕ
Since X is gradient-like for all ϕ i , the Weinstein homotopy from (W, X, ϕ i ) to (W, X, ϕ j ) can be given by (W, X, (1 − t)ϕ i + tϕ j ); this will be a Weinstein homotopy if ϕ i , ϕ j are generic. The Liouville vector field X is independent of t and hence these Weinstein structures have the same Liouville skeleton.
From the proof of Theorem 2.1, it is clear that we can stack Weinstein cobordisms so that
where σ is any permutation of {1, · · · , k}. Also, we can also perform the construction so that ) = T * S n ♮T * S n , the boundary connected sum of two copies of T * S n . On the other hand, if Λ unknot,2 is a Reeb pushoff of Λ unknot,1 (so that they have linking number −1), then Stack B 2n (W 1 , W 2 ) = T * S n ♯ p T * S n is the plumbing of two copies of T * S n . So these two constructions yield manifolds with different intersection forms.
. This is precisely the result of Weinstein handle attachment to some Legendrian link Λ 1 Λ 2 such that the individual components are Legendrian isotopic to Λ 1 , Λ 2 respectively. So in this case the stacking operation is not well-defined because a choice of two Legendrian embedding (up to Legendrian isotopy of each component) does not determine a Legendrian link. Even if we fix the two Legendrian embeddings, the two Legendrians might intersect and we will need to perturb them to get an embedded link; this choice of perturbation can lead to non-isotopic Legendrian links. Example 2.4. As we will see in the proof of Proposition 3.11, for any two Weinstein domains W, V and any way of constructing Stack(W, V ), we can construct Stack(W f lex , V f lex ) so that it is Weinstein homotopy equivalent to Stack(W, V ). In particular, we can arrange so that all the symplectic data of Stack(W, V ) is contained in the linking of the loose Legendrian attaching spheres of W f lex , V f lex and hence is not uniquely defined just from the data of W f lex , V f lex . In particular, any Weinstein structure W is Weinstein homotopic to Stack W f lex (W f lex , W f lex ).
Of course if W i are Liouville cobordisms such that ∂ + W i = ∂W i+1 , then we can concatenate these cobordisms to produce the cobordism W := W 1 • W 2 • · · · · W k . However even in this restricted case, it is not clear that we can Liouville homotope W to W i • C i for some Liouville cobordism C i so that W i is the lower level cobordism. So in the Liouville case, it is not clear that we can switch the order of the cobordisms arbitrarily. We also note that Theorem 2.1 can fail for Liouville cobordisms just for topological reasons. If k-handles are present for k ≥ n + 1, then the attaching spheres of different W i may intersect, even after generic smooth perturbation, and it may be impossible to construct W even smoothly. We do not know whether Liouville cobordisms can be stacked when this topological obstruction is absent. 
It seems likely that the proof of Theorem 2.1 carries over to slightly more general structures than Weinstein structures. The proof requires the Liouville skeleton to be half-dimensional and hence probably holds whenever this is satisfied, e.g. Morse-Bott Weinstein structures and Liouville structures whose skeleton is stratified by isotropics.
Finally, we note that the stacking and concatenation operations might not coincide even when both are defined. Consider two Weinstein cobordisms 
In fact, the stacking construction shows that X = X i • C i for some smoothly trivial Weinstein cobordisms C i and so W is Weinstein homotopic to 
Proof. Consider the almost symplectomorphic Weinstein cobordisms C i := W 2n \ϕ i (W 2n 0 ). Using the symplectomorphism between W 0 and ϕ i (W 0 ), we identify ∂ − C i = ∂(ϕ i (W 0 )) with ∂W 0 . Then we can construct the Weinstein cobordism C := Stack C f lex (C 1 , · · · , C k ) as in Theorem 3.2 and set X 2n := W 2n 0 •C; equivalently,
Since C is almost symplectomorphic to C i , the domain X is almost symplectomorphic to W . There are Weinstein embeddings ψ i : W ֒→ X obtained by identifying the Weinstein homotopic domains W and W 0 • C i and taking the embedding 
Remark 3.12. We do not know whether the condition π 1 (W ) = π 1 (W 0 ) = 0 is essential; it may be possible to drop this condition by more carefully controlling the smooth isotopy class of the Legendrian attaching spheres. We also note that to construct the domain Stack W f lex (W 0 , W f lex ), we need an embedding i : W f lex ֒→ W f lex . As we will see in the proof, the cobordism W f lex \i(W f lex ) is Weinstein homotopic to the trivial Weinstein cobordism without any critical points but does not actually coincide with this cobordism; namely W f lex \i(W f lex ) has some symplectically cancelling handles.
Proof. As in the proof of Theorem 3.2, we first present W 2n 0 as W 2n f lex •C 2n 0 for some smoothly trivial Weinstein cobordism C 2n 0 . Also, let C 2n := W 2n \W 2n 0 , which is a smoothly trivial by assumption; so we have
The stronger version of Theorem 3.1 in [45] shows that C 2n 0 , C 2n both have Weinstein presentations with two handles. Namely, ∪ H n−1 ). Since C 0 is smoothly trivial, Λ 0 has algebraic intersection one with the belt sphere of H n−1 0 . Furthermore, Λ 0 is disjoint from the belt sphere of H n−1 since H n−1 is part of the cobordism W \W 0 , which is attached after H n Λ 0
. Similarly since C 2n is also smoothly trivial, Λ has algebraic intersection one with H n−1 . However, Λ may have non-trivial intersection with H n−1 0 since H n Λ is attached after H n−1 0
. By handle-sliding Λ over Λ 0 possibly several times, we get a new Legendrian Λ ′ such that the algebraic intersection of Λ ′ and the belt sphere of H n−1 0 is zero (and the algebraic intersection of Λ ′ with the belt sphere of H n−1 is still one). We can also perform these handleslides so that
is loose in the complement of the belt sphere of H n−1 ; see [45] for the relationship between handle-slides and looseness. Since Λ ′ has algebraic intersection number zero with the belt sphere of H n−1 0 and everything is simply-connected, we can use the Whitney trick to obtain a smooth isotopy that displaces Λ ′ from this sphere. Furthermore, we can use Whitney disks that are disjoint from the belt sphere of H n−1 and hence assume that this smooth isotopy is supported away from the belt sphere of H n−1 . Since Λ ′ is loose in the complement of this belt sphere (but not in the complement of Λ 0 ), there is a Legendrian isotopy of Λ ′ that displaces Λ ′ from the belt sphere of H n−1 0 and is supported away from the belt sphere of H n−1 . We can extend this Legendrian isotopy to an ambient contact isotopy ϕ t such that ϕ t is supported away from the belt sphere of H n−1 ; let ϕ := ϕ 1 . In particular, ϕ(Λ ′ ) is disjoint from the belt sphere of H n−1 0 by construction and is loose in ∂(W f lex ∪ H n−1 ). Furthermore, ϕ(Λ 0 ) is disjoint from the belt sphere of H n−1 since Λ 0 was disjoint from this sphere and the contact isotopy ϕ t is supported away from this sphere. Now we consider the domain W f lex ∪ H n−1 0 The situation in Theorem 3.2 where we produce domains containing many subdomains is quite special. The subdomains are all sublevel sets for Weinstein Morse functions with the same Liouville vector field. However, it is not clear that arbitrary subdomains of a given Weinstein domain should satisfy this property. Indeed, for any two Weinstein subdomains W 1 , W 2 ⊂ W with this property, the answer to Question 3.14 is yes. If W i are sublevel sets for Weinstein Morse functions ϕ i of W with the same Liouville vector field X, then ϕ 1 + ϕ 2 and a smoothing of max{ϕ 1 , ϕ 2 } are also such Weinstein Morse functions. Then ϕ 1 + ϕ 2 has a sublevel set V that is a common subdomain of W 1 , W 2 and max{ϕ 1 , ϕ 2 } has a sublevel set Stack V (W 1 , W 2 ), which is therefore a subdomain of W .
If we have nested subdomains W 1 ⊂ W 2 ⊂ · · · ⊂ W k , then clearly there exists a single Weinstein function ϕ (with a single Liouville vector field) and regular values c 1 < · · · < c k of ϕ such that {ϕ ≤ c i } = W i . In this case, all these subdomains are obtained by stacking.
, are nested almost symplectomorphic domains such that W i+1 \W i are smoothly trivial and π 1 (W i ) = 0, then W i is Weinstein homotopic to Stack W f lex (W 1 , W f lex,1 , · · · , W f lex,i−1 ), the stacking W 1 with i − 1 copies of W f lex . Furthermore, W i−1 ⊂ W i corresponds to the natural inclusion of stacked domains.
Proof. By Proposition 3.11, W i+1 = Stack W f lex (W i , W f lex ) and so the result follows by induction and the fact that
Stacking contact manifolds
4.1. Maximal contact manifolds. We now prove some contact analogs of the results in Section 3 for Weinstein domains. To prove the existence of maximal Weinstein domains, we used Theorem 3.1: any Weinstein domain can be decomposed into a fixed Weinstein domain (its flexiblization) depending just on the smooth topology plus a smoothly trivial Weinstein cobordism. On the contact side, Casals, Murphy, and Presas [14] proved that any contact manifold of dimension at least five is the positive end of a smoothly trivial Weinstein cobordism from a fixed (overtwisted) contact manifold. Using their result, we will prove that any finite collection of contact manifolds has a maximal element. We first assume that the contact manifolds are almost contactomorphic and prove the second claim in Theorem 1.8 from the Introduction. We later remove this assumption in Corollary 4.7 below.
i are all contactomorphic. Proof. Let (Y, ξ ot,i ) be an overtwisted contact structure in the almost contact class defined by (Y i , ξ i ). Casals, Murphy, and Presas [14] showed that there is a smoothly trivial Weinstein cobordism X i from (Y, ξ ot,i ) to (Y i , ξ i ). Almost contactomorphic overtwisted contact structures are actually contactomorphic [9] and so we can identify (Y, ξ ot,i ) with a fixed contact structure (Y, ξ ot ). Since ∂ − X i = (Y, ξ ot ) all agree, we can use Theorem 2.1 to form the Weinstein cobordism X := Stack (Y,ξot) (X 1 , · · · , X k ) with ∂ − X = (Y, ξ ot ). Furthermore, Theorem 2.1 provides Weinstein cobordisms C i with ∂ − C i = ∂ + X i such that X i • C i is Weinstein homotopic to X. In particular, ∂ + C i = ∂ + X for all i. Since the X i 's are smoothly trivial, by Theorem 2.1 so are the C i 's. Theorems 4.1 fails for n = 2 and so the restriction n ≥ 3 is necessary. For example, Seiberg-Witten theory can be used to show that there is no smoothly trivial 4-dimensional Weinstein cobordism from an overtwisted contact structure to a fillable contact structure [51] . If (Y 1 , ξ 1 ) is overtwisted and (Y 2 , ξ 2 ) is fillable, then a 4-dimensional version of Theorem 1.8 would provide smoothly trivial Weinstein cobordisms from (Y 1 , ξ 1 ), (Y 2 , ξ 2 ) to (Y, ξ), which would be fillable via the filling of (Y 2 , ξ 2 ). However a weaker version of Theorem 4.1 does hold in this dimension.
are almost contactomorphic contact manifolds, then there are Weinstein cobordisms C 4 i with k − 1 Weinstein 2-handles and no Weinstein 0, 1-handles such that ∂ − C 4 i = (Y i , ξ i ) and ∂ + C 4 i are all contactomorphic. Proof. We will use a modified version of the Casals-Murphy-Presas result that holds in dimension 3. Namely, if
[+1], the result of doing +1 contact surgery along Λ i , is overtwisted [23] . Furthermore, since the Λ i are formally Legendrian isotopic, the
[+1] are all almost contactomorphic. Hence by Eliashberg's h-principle [21] for 
[+1], but not necessarily (Y 3 i , ξ 3 i ), to be almost contactomorphic; as a result, the Y i 's need not be diffeomorphic.
By using Theorem 4.1 and Theorem 4.2, we get the contact analog of Corollary 3.5.
are contactomorphic. If n = 2, then the same holds for k = 2. Now we apply Corollary 4.4 to the case when (Y, ξ) has an almost Weinstein filling (W, J) and prove Corollary 1.9 from the Introduction. Proof. Suppose that (Y 2n−1 , ξ) has an almost Weinstein filling (W 2n , J). By Eliashberg's existence h-principle [22] (which holds for n ≥ 3), there is a flexible Weinstein structure almost symplectomorphic to (W 2n , J), which we will also denote by W 2n . Then (Y 2n−1 , ξ) and ∂W 2n are almost contactomorphic and so by Corollary 4.4, there are Legendrians
be the belt sphere of the Weinstein handle H n
by the previous identification. Then
. Since ∂W has a Weinstein filling W 2n , it is obtained from (S 2n−1 , ξ std ) by contact surgery. Therefore ∂W ∪ H n
[+1] is obtained from (S 2n−1 , ξ std ) by contact surgery and a single contact anti-surgery (of index n).
There is also an analog of Corollary 3.7 for contact manifolds with different topology. Proof. Let X i,f lex be the flexible Weinstein cobordism in the same formal class as X i with ∂ − (X i,f lex ) = (Y i , ξ i ) provided by Eliashberg's existence h-principle. Then ∂ + (X i,f lex ) are all almost contactomorphic to (Y, J) by assumption. Hence by Theorem 1.8, there exists a smoothly trivial Weinstein cobordism C i such that ∂ − C i = ∂ + (X i,f lex ), and ∂ + C i are contactomorphic for all i (and in almost contact class (Y, J)).
The result of Casals, Murphy, and Presas [14] about smoothly trivial Weinstein cobordisms is actually stronger than stated above. They proved an existence h-principle for Weinstein cobordisms (with arbitrary topology) with overtwisted negative end and prescribed positive end; later this result was generalized by Eliashberg and Murphy [30] who proved an h-principle for Liouville cobordisms with overtwisted negative end. On the other hand, Corollary 4.6 can be viewed as an h-principle for Weinstein cobordisms with prescribed negative end but no control over the positive end. There is no h-principle for Weinstein cobordisms with both negative and positive ends prescribed. For example, there is no Weinstein cobordism from a fillable contact structure to an overtwisted contact structure [9] .
Bowden, Crowley, and Stipsicz [12] used surgery theory to prove that almost Weinstein cobordisms X i satisfying the conditions in Corollary 4.6 always exist. Combining their result with Corollary 4.6, we can prove the first claim in Theorem 1.8 from the Introduction. 
, ξ i ) and ∂ + C 2n i are contactomorphic. Hence any finite collection of contact manifolds admits a maximal contact element with respect to the Weinstein cobordism relation. Like in the Weinstein setting, we do not know whether this holds for an arbitrary infinite collection of contact manifolds. Here we allow (Y max , ξ max ) to depend on the fixed infinite collection of contact structures (Y i , ξ i ); hence (Y max , ξ max ) may be maximal for this particular collection but not maximal for arbitrary infinite collections, i.e. all contact structures. However as we showed in Corollary 1.16 in the Introduction, there is a contact manifold that is maximal with respect to the strong symplectic cobordism relation for all contact manifolds.
4.2.
Connections to the symplectic mapping class group. In this section, we discuss a possible connection between the results in Section 4.1 and the symplectic mapping class group. We first note that as an immediate application of Corollary 4.6, any contact structure is Weinstein cobordant to a Weinstein-fillable contact structure. 
2 is a Weinstein domain and ∂W 2n = ∂ + C 2n 2 = ∂ + C 2n as desired. The n = 2 case of Corollary 4.9 was proven by Etnyre and Honda [33] . They used the fact that any 3-dimensional contact manifold has an open book decomposition whose monodromy is given by a product of positive and negative Dehn twists. Then by adding more positive Dehn twists to cancel out the negative Dehn twists, they built a Weinstein cobordism C 4 such that ∂ − C 4 = (Y 3 , ξ) and ∂ + C 4 has an open book decomposition whose monodromy has only positive Dehn twists and is therefore Weinstein-fillable. High-dimensional contact manifolds also have open book decompositions [38] with monodromy given by a symplectomorphism of a high-dimensional Weinstein domain. But for our proof of Corollary 4.9, we do not need know anything about the high-dimensional symplectic mapping class group (which is not known in any case). Furthermore, the high-dimensional group is not generated by Dehn twists, which was a key ingredient in the proof in [33] . Instead, we can reverse the perspective and try to use Corollary 4.9 to deduce properties of the symplectic mapping class group.
For any compactly supported symplectomorphism ϕ of a Weinstein domain W 2n , there is a contact manifold (Y [38] showed that all open book decompositions of a given contact manifold are related by stabilization: adding a 1-handle to the page of the open book and modifying the monodromy by a positive Dehn twist about a circle passing through the new 1-handle exactly once. There is a similar stabilization operation in high-dimensions using high-dimensional Dehn twists but it is unknown whether all open book decompositions of a given contact manifold are related by stabilizations in this case. The above discussion shows that a relative version of Giroux and Pardon's result [39] and a high-dimensional analog of Giroux's stabilization result [38] would give a positive answer to the following question. Question 4.11. Suppose ϕ is a compactly supported exact symplectomorphism of a Weinstein domain W 2n . Does there exist a Weinstein domain X 2n containing W 2n as a subdomain such that ϕ, as a symplectomorphism of X 2n , is compactly symplectically isotopic to a product of (positive and negative) Dehn twists of X 2n ?
Here we view ϕ as a symplectomorphism of X 2n by extending it by the identity over X 2n \W 2n . Of course, the Weinstein domain X 2n may depend on the symplectomorphism ϕ; in some sense, the symplectic data of ϕ is transferred to the data of X 2n .
As we noted above, Dehn twists do not generate the high-dimensional symplectic mapping class group. There is sometimes even a topological obstruction to this, as explained to us by Casals. For example, (RP 2n+1 , ξ std ) has an open book decomposition with page T * RP n and monodromy the fibered Dehn twist ϕ of T * RP n . The symplectomorphism ϕ is not smoothly isotopic to the identity; otherwise RP 2n+1 would have a smooth filling with handles of index n and less, which is impossible [28] . At the same time, T * RP n , n ≥ 1, has no Lagrangian spheres to Dehn twist about and so the fibered Dehn twist ϕ cannot be smoothly isotopic to a product of Dehn twists. More generally, if we stabilize the open book decomposition (T * RP n , ϕ) in the sense of Giroux by adding n-handles to T * RP n and modifying ϕ by Dehn twists through these handles to get a new open book decomposition (X 2n , ϕ ′ ) of RP 2n+1 , the resulting symplectomorphism ϕ ′ of the new Weinstein page X 2n also cannot be smoothly isotopic to a product of Dehn twists, even if Lagrangian spheres exist in X 2n ; again, this would give a smooth filling of RP 2n+1 with handles of index n + 1 and less. In Question 4.11,
we add handles to the page without necessarily adding Dehn twists to the monodromy. In this case, there is no topological obstruction as shown by [12] .
4.3. Codimension 2 contact embeddings. Pancholi and Pandit [56] recently proved an h-principle for codimension 2 contact embeddings using open book decompositions. We will give an alternative proof of their result motivated by the stacking construction and Weinstein hypersurfaces [25] . Both our proof and the proof of Pancholi and Pandit rely on the h-principle for overtwisted contact structures [9] ; in addition, we also need the h-principle for loose Legendrians [52] . The following is Theorem 1.18 from the Introduction.
Theorem 4.12. If (Y 2n−1 , ξ 0 ), n ≥ 3, has a contact embedding into (Z 2n+1 , ξ) with trivial normal bundle and
also has a contact embedding into (Z 2n+1 , ξ).
Proof. Let (Y 2n−1 , ξ ot ) be the overtwisted contact manifold in the same almost contact class as (Y 2n−1 , ξ 0 ) and (Y 2n−1 , ξ 1 ). The result of Casals, Murphy, and Presas [14] shows that there are smoothly trivial Weinstein cobordisms C 2n
. We can view the handles H n
with Legendrian boundary A neighborhood of D n 0,loose in (Z 2n+1 , ξ) looks like a neighborhood of D n in the 1-jet space , ξ) . The contact embedding of ∂ − W 2n 0 gives us a contact embedding of (Y 2n−1 , ξ ot ) ∪ H n−1 into (Z 2n+1 , ξ) .
Similarly, the Lagrangian core L n 1 of W 2n 1 can be used to produce a formal Legendrian disk in (Z 2n+1 , ξ) that agrees with [25] . The contact embedding of ∂ − W 2n 1 agrees with the contact embedding of (Y, ξ ot ) ∪ H n−1 into (Z 2n+1 , ξ) produced in the previous paragraph. The contact embedding of ∂ + W 2n 1 gives us the desired contact embedding of (Y 2n−1 , ξ 1 ) into (Z 2n+1 , ξ).
Stacking Lagrangians

5.1.
Maximal Lagrangians. Now we prove some results about Lagrangians. The following result is the relative analog of Theorem 3.2.
Corollary 5.1. Suppose that ϕ 1 , · · · , ϕ k : L n ֒→ W 2n , n ≥ 3, are formally isotopic regular Lagrangians that are closed or have non-empty Legendrian boundary. Then there is a Weinstein domain X 2n almost symplectomorphic to W 2n , a regular Lagrangian j : L n ֒→ X 2n , and formally isotopic Weinstein embeddings
Proof. The proof essentially is an application of Corollary 3.9. If L is closed, we can directly apply Corollary 3.9 with W 0 = T * L. If L has Legendrian boundary, we slightly modify the proof of Corollary 3.9 (which is stated only for subdomains) by requiring that C f lex be a flexible cobordism in the complement of ∂L ⊂ ∂T * L. 
The Lagrangian j(L) is maximal in the sense that it extends the Lagrangians
for all i; the fact that the Viterbo transfer map is just restriction is because L is regular in W and hence intersects ∂W in at most one component [3] . However there are ϕ i such that W H(ϕ i (L), ϕ i (L); W ) are different for different i and hence the cobordisms cannot all be trivial in general. In particular, the Weinstein embeddings ψ i will generally not be symplectically isotopic. Finally we note that a version of Corollary 1.16 holds even if ϕ i map L to different (but almost symplectomorphic) Weinstein domains W i .
Legendrians with many Lagrangian fillings.
We can also use the stacking construction to produce Legendrians with many Lagrangian fillings. The first such Legendrians were produced in [13] . These were Legendrians in (S 2n−1 , ξ std ) with arbitrarily many (but finitely many) different Lagrangian fillings in B 2n std for n ≥ 2; for n = 2, the Legendrians are necessarily disconnected since tb(Λ) = −χ(L) and hence the formal class of Λ determines the genus of the Lagrangian filling [15] . The examples for n ≥ 3 are obtained by spinning the examples for n = 2 and hence have quite special topology. In this section, we construct Legendrians that have many fillings with prescribed topology. Like [13] , we produce arbitrarily many but finitely many fillings. Unlike for contact manifolds, which can have infinitely many symplectic fillings, it is not known whether there exist Legendrians that have infinitely many fillings with different topology.
To construct Legendrians with many Lagrangian fillings, we first need to prove the Legendrian version of Theorem 4.1. −1 , ξ) , n ≥ 3, are formally isotopic Legendrians. Then there exists a smoothly trivial Weinstein cobordism X 2n with ∂ − X 2n = (Y, ξ) and smoothly trivial regular Lagrangian cobordisms L n i ⊂ X 2n such that ∂ − L n i = Λ i and ∂ + L n i are all coincide. Proof. The proof is similar to the proof of Theorem 4.1, which uses the existence of smoothly trivial Weinstein cobordisms from overtwisted contact structures to arbitrary contact structures [14] . Here we will need the following Legendrian analog, proven in [44] : for any Legen- 
for some loose Legendrian Λ ′ which is symplectically linked with Λ loose .
We apply this result to the Legendrians Λ i ⊂ (Y, ξ). Since Λ i are formally Legendrian isotopic, Λ i,loose are Legendrian isotopic by the h-principle for loose Legendrians [52] ; we will fix one representative Λ loose of these Legendrians. Then by [44] there exist Weinstein cobordisms C 2n i with the following properties: ∂ − C 2n i = (Y, ξ), C 2n i are homotopic to trivial Weinstein cobordisms, and
, the stacked cobordism X 2n might not be Weinstein homotopic to (Y, ξ) × [0, 1]; see Corollary 3.13. However since C 2n i are smoothly trivial and n ≥ 3, X 2n is still smoothly trivial.
There is a Lagrangian cobordism Λ loose ×[0, k] ⊂ X 2n . Its positive boundary Λ loose ×{k} ⊂ ∂ + X 2n is not loose since the attaching spheres of X 2n are symplectically linked with Λ loose . For each i, we will construct Lagrangian cobordisms L n i ⊂ X 2n from Λ i ⊂ (Y, ξ) to Λ loose × {k} ⊂ ∂X 2n ; so ∂ − L i = Λ i and ∂ + L i will all agree with the fixed Legendrian Λ loose × {k} as desired. To construct L n i , we first Weinstein homotope 
Since this Weinstein homotopy consists just of changing the order of handle attachment, the Legendrian Λ loose ×{k} ⊂ ∂ + D n i corresponds to the Legendrian Λ loose ×{k} ⊂ ∂ + X 2n . So we can view L n i as a regular Lagrangian in X 2n with ∂ − L n i = Λ i and ∂ + L n i = Λ loose × {k} as desired. Finally, L n i is smoothly trivial since it is a concatenation of three smoothly trivial cobordisms.
Remark 5.3. Although Λ i are all Legendrian isotopic to Λ loose × {1} in ∂ + C 2n i , they may not be Legendrian isotopic in ∂ + X 2n once we attach the rest of the handles of X 2n . This is why the Lagrangian cobordism L i uses the Legendrian isotopy from Λ i to Λ loose × {1} in ∂ + C 2n i .
We do not know if it is possible to control the Weinstein homotopy type of C 2n and require C 2n to be Weinstein homotopic to the trivial Weinstein cobordism (Y, ξ) × [0, 1]. In principle, starting with different collections of Legendrians Λ 1 , · · · , Λ k ⊂ (Y, ξ) might lead to different (smoothly trivial) Weinstein cobordisms X 2n .
Theorem 5.2 can be used to convert Lagrangians with formally isotopic Legendrian boundaries into Lagrangians with genuinely isotopic Legendrian boundaries. The following result is the Legendrian analog of Corollary 1.11.
Corollary 5.4. If W 2n , n ≥ 3, is a Weinstein domain and L n i ⊂ W 2n are exact Lagrangians with formally isotopic Legendrian boundaries, then there is a Weinstein domain X 2n almost symplectomorphic to W 2n and exact Lagrangians K n i ⊂ X 2n formally isotopic to L 2n i with Legendrian isotopic boundaries. Furthermore, W 2n is a subdomain of X 2n and K n i extends L n i in the sense that K n i | W = L n i .
Proof. Applying Theorem 5.2 to the formally isotopic Legendrians ∂L n i ⊂ ∂W 2n , we get a smoothly trivial Weinstein cobordism C 2n with ∂ − C 2n = ∂W 2n and regular Lagrangian cobordisms J n i ⊂ C 2n such that ∂ − J n i = ∂L n i and ∂ + J n i all coincide. Then K n i := L n i • J n i ⊂ W 2n • C 2n =: X 2n satisfies the desired conditions. The Lagrangians L n i do not have to be regular and the domain W 2n does not have to be Weinstein. However if W 2n is Weinstein, then so is X 2n and if L n i ⊂ W 2n are regular, so are K n i ⊂ X 2n . Unlike in Corollary 5.1, here we only need a single Weinstein embedding ψ : W 2n ֒→ X 2n to make the claim that K n i extends L n i , i.e. ψ −1 (K n i ) = L n i . This is possible since we do not require the K n i to coincide (and indeed they may have different smooth topology); we only require their Legendrian boundaries ∂K n i to coincide. As in Theorem 5.2, we do not know whether it is possible to make X 2n , W 2n be Weinstein homotopic.
Applying the h-principle for flexible Lagrangians [26] to Corollary 5.4, we can construct Legendrians with many Lagrangians fillings that have prescribed smooth topology.
Corollary 5.5. Suppose that W 2n , n ≥ 3, is an almost Weinstein domain and L n 1 , · · · , L n k ⊂ W 2n are formal Lagrangians with formally isotopic boundaries. Then there exists a Weinstein domain X 2n almost symplectomorphic to W 2n and regular Lagrangians K n i ⊂ X 2n formally isotopic to L n i with Legendrian isotopic boundaries.
Using Corollary 5.5, we can produce Legendrians with many Lagrangian fillings with different topology. Now we show how to produce Legendrians with many fillings that are diffeomorphic and even formally isotopic but are not isotopic through Lagrangians with Legendrian boundary. The first such examples were constructed in [20] ; these are Legendrian links in (S 3 , ξ std ) with smoothly isotopic Lagrangian fillings in B 4 that have increasing genus. In the following result, we produce some high-dimensional examples of Lagrangian disk fillings in an exotic cotangent bundle; it is possible to modify our construction to produce fillings and domains with much more general topology.
Corollary 5.6. For all k, there exists a Weinstein domain W 2n , n ≥ 3, almost symplectomorphic to T * M n that has k formally isotopic regular Lagrangian disks with the same Legendrian boundary that are not isotopic through Lagrangians with Legendrian boundary.
Proof. By considering the graphs of the differential of certain functions, Abouzaid and Seidel [3] constructed infinitely many Lagrangian disks D n i ⊂ T * M n std with connected Legendrian boundary in ∂T * M n std such that their wrapped Floer homology with the zero-section W H(D n i , M n ; T * M n std ) is different for different i. In particular, these disks are not isotopic through Lagrangians with Legendrian boundary and it is likely that they do not have the same Legendrian sphere boundaries in ∂T * M n std ; we will modify these examples to make their Legendrian boundaries coincide. Furthermore, the Lagrangian formal class of these disks is determined by their intersection number with the zero-section and hence it is easy to construct infinitely many such disks that are all formally Lagrangian isotopic.
By Corollary 5.4, there exists a Weinstein domain W 2n almost symplectomorphic to T * M n std that contains regular Lagrangian disks K n i with the same Legendrian sphere boundary in ∂W 2n . Furthermore, K n i extends D n i in the sense that there is a single Weinstein embedding ψ : T * M n std ֒→ W 2n such that ψ −1 (K n i ) = D n i ⊂ T * M n std for all i. We will use ψ(M n ) ⊂ W 2n as a test Lagrangian. The intersection points of ψ(M n ), K n i ⊂ W 2n are contained in ψ(T * M std ) since ψ(M ) ⊂ ψ(T * M std ). Applying the no-escape lemma [3] to W 2n \ψ(T * M n std ), all Floer trajectories in W 2n asymptotic to intersection points of ψ(M n ), K n i ⊂ W 2n are also contained in ψ(T * M n std ) ⊂ W 2n . The no-escape lemma applies since the intersection points are contained in ψ(T * M std ) and the Legendrian boundary ∂D n i ⊂ ∂T * M n std is connected. Therefore W H(ψ(M n ), K n i ; W 2n ) is isomorphic to W H(ψ(M n ), K n i | ψ(T * M n ) ; ψ(T * M n std )). Since ψ −1 (K n i ) = D n i ⊂ T * M n std , the latter is isomorphic to W H(M n , D n i ; T * M n std ). By construction W H(M n , D n i ; T * M n std ) are all different and hence so are W H(ψ(M n ), K n i ; W 2n ). Therefore, K n i ⊂ W 2n are not isotopic through Lagrangians with Legendrian boundary. Corollary 5.6 can be generalized to produce Lagrangians fillings in Weinstein domains with essentially arbitrary topology. We just need some collection of formally isotopic Lagrangians with connected Legendrian boundaries and some closed test Lagrangian whose wrapped Floer homology with these Lagrangians is different. 
By the no-escape lemma [3] (which requires the fact that ∂D n i is connected), we again have W H(ϕ i (M n std ), D n ; W 2n ) ∼ = W H(ϕ i (M n std ), D n | ϕ i (T * M ) ; ϕ i (T * M n std )). Since ϕ −1 i (D n ) = D n i ⊂ T * M std , this is isomorphic to W H(M n std , D n i ; T * M n std ), which are different by assumption. Hence W H(ϕ i (M n std ), D n ; W 2n ) are also all different and so ϕ i (M n std ) are not Hamiltonian isotopic for different i. Furthermore, these Lagrangians are formally isotopic to the zero-section M n std ⊂ T * M n std since ϕ i (M n ) ⊂ W 2n is obtained from M n std ⊂ T * M std by adding a smoothly trivial Weinstein cobordisms to T * M std .
We note that the proof of Corollary 5.7 is in some sense opposite to the proof of Corollary 5.6. In the former, we used a single Lagrangian disk as a test Lagrangian to distinguish closed Lagrangians. In the latter, we used a single closed Lagrangian sphere as a test Lagrangian to distinguish Lagrangian disks (with the same boundary). We also note that for any k ≥ 2, the domain W 2n as constructed above is always exotic and not Weinstein homotopic to T * M n std . Otherwise there would be (at least) two closed Lagrangians M n 1 , M n 2 ⊂ T * M std and a Lagrangian disk with Legendrian boundary D n ⊂ T * M std such that W H(M n 1 , D n ; T * M std ) = W H(M n 2 , D n ; T * M std ). However by [1, 35] , all closed exact Lagrangian submanifolds of T * M std are equivalent in the wrapped Fukaya category of T * M std and hence must have isomorphic wrapped Floer homology with any other test Lagrangian. Finally, we observe that it is easy to modify the topology of the ambient Weinstein domain to produce more general examples. We can add any Weinstein cobordism C 2n to W 2n and ϕ i (M n ) ⊂ W 2n ⊂ W 2n • C 2n will still not be Hamiltonian isotopic since they still have different wrapped Floer homology with D n ⊂ W 2n • C 2n , where we extend D n ⊂ W 2n trivially to D n ⊂ W 2n • C 2n .
